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ON THE PRYM MAP FOR CYCLIC COVERS OF GENUS TWO CURVES
DANIELE AGOSTINI
Abstract. The Prym map assigns to each covering of curves a polarized abelian variety. In the
case of e´tale cyclic covers of curves of genus two, we show that the Prymmap is ramified precisely
on the locus of bielliptic covers. The key observation is that we can naturally associate to such a
cover an abelian surface with a cyclic polarization, and then the codifferential of the Prym map
can be interpreted in terms of multiplication of sections on the abelian surface. Furthermore,
we prove that a genus two cyclic cover of degree at least seven is never hyperelliptic.
1. Introduction
In this short note we study Prym varieties associated to cyclic covers of genus two curves.
Recall that, if f : C −→ D is finite cover of smooth projective curves, we define the associated
Prym variety as the principal connected component of the kernel of the induced norm map:
Prym(C → D) :
def
= Ker0
[
Nm(f) : Pic0(C) −→ Pic0(D)
]
.
Prym varieties are a classic subject of algebraic geometry, and they have been intensely studied,
especially in the case of e´tale double covers: we refer to [BL04, Chapter 12], [Bea89] and [Far12]
for an overview of the topic.
In recent years, there has been an intense work on Prym varieties [MP12; MN14; Col+19;
NO19]. In particular, Lange and Ortega [Ort03; LO10; LO16],[LO18] have studied Prym
varieties associated to cyclic e´tale covers of genus two curves. More precisely, let C → D be a
cyclic e´tale cover of degree d of a genus two curve. Then the corresponding Prym variety has
a natural polarization, obtained as the restriction of the natural principal polarization on the
Jacobian of C. It turns out that the type δ of the polarization depends only on the degree d of
the cover, hence we get a Prym map
(1.1) Pr : R2,d −→ Aδ, [C → D] 7→ [Prym(C → D)]
from the moduli space of e´tale cyclic covers of degree d of a genus two curve, to the moduli
space of abelian varieties with a polarization of type δ.
In particular, Lange an Ortega proved in [LO10] that the differential of the Prym map for
d = 7 is injective at a general point, so that the map is generically finite onto its image. Here,
we use syzygies of abelian surfaces to extend this result to d ≥ 6 and we moreover characterize
the covers where the differential of the Prym map is not injective.
Theorem A. The differential of the Prym map Pr: R2,d −→ Aδ is injective at a cyclic cover
in R2,d if and only if d ≥ 6 and the cover is not bielliptic. In particular, the Prym map is
generically finite onto its image for d ≥ 6.
Recall that a cover f : C → D is said to be bielliptic if there exist compatible bielliptic
quotients of C and D. This means that there is a commutative diagram
C E
D F
2:1
f
2:1
1
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where E and F are elliptic curves and C → E and D → F are double covers. In particular,
a straightforward parameter count shows that the locus of bielliptic covers is a divisor in the
moduli space R2,d and then the theorem shows that the Prym map is generically finite onto its
image whenever d ≥ 6.
In the course of the proof of Theorem A, we will also show that the covering curve is never
hyperelliptic, whenever d ≥ 7.
Theorem B. Let C → D be a cyclic cover of a genus two curve of degree d ≥ 7. Then the
curve C is not hyperelliptic.
To prove both results, we first describe a construction that associates to a cyclic cover [C →
D] ∈ R2,d a polarized abelian surface (A,L) of type (1, d). Then, we show that the codifferential
of the Prym map at [C → D] can be interpreted via the multiplication map Sym2H0(A,L)→
H0(A,L2). We then use results of Lazarsfeld [Laz90] and Fuentes Garc´ıa [Gar04], which show
that this multiplication map is surjective if and only if d ≥ 7 and the corresponding polarization
is very ample, and then a result of Ramanan [Ram85] proves that this is the case if and only
if the cover is not bielliptic. A similar argument yields the case d = 6 of Theorem A, and to
conclude we analyze the case of bielliptic covers.
Acknowledgements: I would like to thank the anonymous referee, whose comment led us
to a correction of the original argument and to a strenghtening of our results. The main ideas
in this note were developed during my PhD at the Humboldt-Universita¨t zu Berlin. I would
like to thank my advisor Prof. Gavril Farkas for his guidance and the Berlin Mathematical
School and the IRTG 1800 of the DFG for their support during my studies. I would also like
to thank Angela Ortega for her useful comments on this manuscript.
2. Background
2.1. General facts on cyclic covers. We collect here some facts about e´tale cyclic covers of
smooth varieties. Let X be a smooth quasiprojective variety, together with a free action of the
cyclic group Z/dZ. Since the action is free, the quotient Y is again a smooth and irreducible
projective variety, and the quotient map f : X −→ Y is finite and e´tale of degree d [Mum74,
Theorem p.66]. Such a map f : X −→ Y is called a cyclic e´tale cover of degree d.
Furthermore the pushforward f∗OX has a structure of OY -algebra that decomposes according
to the irreducible representations of Z/dZ: this decomposition has the form
f∗OX ∼=
d−1⊕
i=0
η−i
where η ∈ Pic(Y ) is a d-torsion line bundle, meaning that there is an isomorphism ηd → OY .
We note that the OY -algebra structure on f∗OX gives us one specific isomorphism ϕ : η
d → OY .
Conversely, take a d-torsion line bundle η on a smooth quasiprojective variety Y . If we fix an
isomorphism ϕ : ηd → OY , we can endow the sheaf
⊕d−1
i=0 η
−i with the structure of a OY -algebra,
and it is easy to see that
(2.1) Spec
d−1⊕
i=0
η−i −→ Y
is a cyclic e´tale cover of degree d. Hence, there is a correspondence between cyclic e´tale covers of
degree d over Y and d-torsion line bundles η, together with an isomorphism ηd → OY . Moreover,
if we choose two different isomorphisms ηd → OY , it is easy to see that the corresponding cyclic
covers of Y are isomorphic.
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Remark 2.1. Let now f : X → Y be a cyclic cover induced by a torsion line bundle η of
order d on Y . If L is any line bundle on Y , the projection formula yields a decomposition
f ∗f∗L ∼= ⊕
d−1
i=0L⊗η
−i, which corresponds to the decomposition of f∗f
∗L according to the action
of Z/dZ. In particular, taking (Z/dZ)-invariants we have a projection (−)(Z/dZ) : f∗f
∗L → L, of
which the usual inclusion map L →֒ f∗f
∗L is a section. We observe that the same decomposition
carries over to the global sections.
We will need later the following well-known lemma, of which we give a proof for completeness.
Lemma 2.2. Suppose that Y is projective and connected and let f : X → Y be an e´tale cyclic
cover given by a d-torsion line bundle η. Then, the kernel of the pullback map f ∗ : Pic(Y ) →
Pic(X) is precisely the subgroup generated by η.
Proof. Suppose that L is a line bundle on Y such that f ∗L ∼= OX . The projection formula
gives that L ⊗ f∗OX ∼= f∗OX , so that
d−1⊕
i=0
L ⊗ η−i ∼=
d−1⊕
i=0
η−i.
Then, by the Krull-Schmidt theorem [Ati56, Theorem 1,Theorem 3], it follows that L ∼= η−i,
for a certain i. For the converse, we need to prove that f ∗η ∼= OX . However, the previous
reasoning shows that h0(X, f ∗η) 6= 0 and h0(X, f ∗η−1) 6= 0: this way we get two injective maps
OX → f
∗η → OX , and since the composition is an isomorphism, it follows that both of them
are isomorphisms as well. 
2.2. Cyclic covers of curves and the Prym map. We can specialize the previous discussion
to smooth curves: let D be a smooth and irreducible curve of genus g. Then, by what we
have remarked before, isomorphism classes of e´tale cyclic covers of degree d of D correspond
to d-torsion line bundles η ∈ Pic0(D). Moreover, it is easy to see that a cover f : C → D
corresponding to η is connected if and only if η has order precisely d.
From this discussion, we have a moduli space of e´tale cyclic covers of degree d as the space
Rg,d of isomorphism classes [D, η], where D is a smooth curve of genus g and η ∈ Pic
0(D) is a
torsion bundle of order d. Such a couple (D, η) is sometimes called also a level curve of order
d.
Remark 2.3. The space Rg,d is irreducible [Ber99] and since each curve has a finite number
of torsion line bundles, we see that dimRg,d = dimMg = 3g − 3.
At this point, consider a level curve [D, η] ∈ Rg,d and let f : C → D be its corresponding
cyclic cover. Then we can take the Prym variety of this cover, that we denote by Prym(D, η).
This is a polarized abelian variety of type [BL04, Corollary 12.1.5, Lemma 12.3.1]
(2.2) δ = (1, 1, 1, . . . , 1, d, d, d, . . . , d)
where 1 is repeated (d− 2)(g − 1) times and d is repeated g − 1 times.
Let us denote by Aδ the moduli space of abelian varieties with a polarization of the type
(2.2). Then the Prym construction gives a map of moduli spaces, called the Prym map:
Prg,d : Rg,d −→ Aδ, [D, η] 7→ [Prym(D, η)].
Lange and Ortega have considered in [LO10; LO16] the differential of the Prym map for
cyclic covers and they have proved that it is very often injective. In particular, it follows that
the Prym map is generically finite.
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Here we want to describe this differential, following [LO10]. Consider again a level curve
[D, η] ∈ Rg,d and let f : C → D be a corresponding cyclic cover. Since the cover is e´tale, we
have f ∗ωD ∼= ωC, and the projection formula together with (2.1) gives
f∗ωC ∼= ωD ⊗ f∗OC ∼=
d−1⊕
i=0
ωD ⊗ η
−i.
Taking global sections, we get that
(2.3) H0(C, ωC) =
d−1⊕
i=0
H0(D,ωD ⊗ η
−i)
and this is exactly the decomposition of H0(C, ωC) into (Z/dZ)-representations. We single out
the non-trivial representations and we set
(2.4) W :
def
=
d−1⊕
i=1
H0(D,ωD ⊗ η
−i) ⊆ H0(C, ωC).
With this, we can state the result about the differential of the Prym map.
Proposition 2.4 (Lange-Ortega). With the above notation, the dual of the differential of the
Prym map at [D, η] ∈ Rg,d is the composition
Sym2W
m
−→ H0(C, ω2C)
(−)Z/dZ
−→ H0(D,ω2D),
where the first map is the multiplication of sections, and the second map is the projection to the
(Z/dZ)-invariant part.
Proof. See [LO10, Proposition 4.1]. 
Remark 2.5. Since the multiplication map is (Z/dZ) equivariant, in Proposition 2.4, we only
need to take into consideration the (Z/dZ)-invariant part of Sym2W . Thus, the differential of
the Prym map at [D, η] is injective if and only if the multiplication map
(
Sym2W
)Z/dZ
=
⊕
1≤i≤j≤d−1
i+j=d
H0(D,ωD ⊗ η
i)⊗H0(D,ωD ⊗ η
j) −→ H0(D,ω2D)
is surjective.
3. The non bielliptic case
In this section we show how to associate a polarized abelian surface to a cyclic cover of a
genus two curve. We then use this abelian surface to study the differential of the Prym map
and to prove Theorems A and B whenever the cover is not bielliptic. The construction of the
abelian surface is quite standard, and can be found also in [BL04; Ram85], but we would like
to outline the necessary steps nevertheless.
Take a level curve [D, η] ∈ R2,d and let JD = Pic
0(D) be the Jacobian variety of D. We fix
a point P0 ∈ D, so that we have the corresponding Abel-Jacobi map
α : D −֒→ JD, P 7→ OD(P − P0)
which realizes D as a divisor on JD. Standard properties of the Abel-Jacobi map imply that
the line bundle M = OJD(D) is a principal polarization on JD [BL04, Corollary 11.2.3] and
also that the pullback map
α∗ : Pic0(JD) −→ Pic0(D)
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is an isomorphism [BL04, Lemma 11.3.1]. In particular, the line bundle ηJD :
def
= (α∗)−1(η) on
JD is again a torsion bundle of order d. If we choose an isomorphism ϕJD : η
d
JD → OJD, we can
pull it back via α to an isomorphism ϕ :
def
= α∗(ϕJD) : η
d → OD. We can take the corresponding
cyclic covers,
C :
def
= Spec
d−1⊕
i=0
η−i, A :
def
= Spec
d−1⊕
i=0
η−iJD
and we have the following:
Lemma 3.1. With the above notation, we have a fibered square
C A
D JD
j
α
f h
Moreover, A is an abelian surface, the line bundle L :
def
= h∗M is ample of type (1, d) and under
the embedding j : C →֒ A the curve C can be considered as a divisor C ∈ |L|.
Proof. By construction we have an isomorphism α∗
(⊕d−1
i=0 η
−i
JD
)
∼=
⊕d−1
i=0 η
−i of sheaves of OD-
algebras. Hence, we get a fibered square as above from the properties of the relative Spec. To
see that A is an abelian surface, one observes first that it is connected, since ηJD has exactly
order d, and then h0(A,OA) =
∑d−1
i=0 h
0(JD, η−iJD) = 1. Since h : A −→ JD is an e´tale finite
map, and A is connected, it follows from the Serre-Lang theorem [Mum74, Theorem IV.18]
that A is an abelian surface and that the map F is an isogeny.
To conclude, we need to prove that L is ample and of type (1, d). Since the map h is finite and
M is ample, it follows from [Laz04, Proposition 1.2.13] that L = h∗M is ample. For the type,
it is enough to prove that Ker h ∼= Z/dZ [BL04, Lemma 3.1.5]. Thanks to [BL04, Proposition
2.4.3], it is enough to show the same for Ker h∗: however we know from Lemma 2.2, that Ker h∗
is precisely the subgroup generated by η, so that Ker h∗ ∼= Z/dZ. 
Recall from (2.3) that we have a decomposition H0(C, ωC) =
⊕d−1
i=0 H
0(D,ωD ⊗ η
−i) into
(Z/dZ)-representations. We have defined in (2.4) the linear system W =
⊕d−1
i=1 H
0(D,ωD⊗η
−i)
and now we want to give an interpretation of it in terms of the abelian surface A.
Lemma 3.2. With notations as before, W coincides with the image of the restriction map from
H0(A,L) to H0(C, ωC):
W = Im
(
H0(A,L) −→ H0(C, ωC)
)
.
Proof. First we observe that the restriction map makes sense, since C ∈ |L| by Lemma 3.1, so
that the adjunction formula gives ωC ∼= ωA⊗L|C ∼= L|C . Let τ ∈ H
0(JD,M) be a section such
that D = {τ = 0}. Using again the adjunction formula, we have an exact sequence of sheaves
on JD
0 −→ OJD
·τ
−→M −→ ωD −→ 0
and Lemma 3.1 shows that, pulling back via h∗, we get an exact sequence
0 −→ OA
·σ
−→ L −→ ωC −→ 0
where σ := h∗(τ) ∈ H0(A,L). By construction, we see that this is actually an exact sequence
of sheaves, together with a (Z/dZ)-action and, moreover, if we take the pushforward along h∗
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and then take the (Z/dZ)-invariant part as in Remark 2.1, we get a commutative diagram with
exact rows:
0 h∗(OA) h∗L h∗ωC 0
0 OJD M ωD 0.
h∗(·σ)
(−)Z/dZ (−)Z/dZ (−)Z/dZ
·τ
Passing to global sections, we get another commutative diagram with exact rows:
(3.1)
0 Cσ H0(A,L) H0(C, ωC) H
1(A,OA) 0
0 Cτ H0(JD,M) H0(D,ωD) H
1(JD,OJD) 0
(−)Z/dZ (−)Z/dZ (−)Z/dZ (−)Z/dZ
Since M gives a principal polarization, we have that h0(JD,M) = 1, so that the map Cτ →
H0(JD,M) is an isomorphism. Hence, the map H0(JD,M) → H0(D,ωD) is zero, and since
the diagram is commutative, it follows that
(3.2) Im
(
H0(A,L) −→ H0(C, ωC)
)
⊆W = Ker
(
(−)Z/dZ : H0(C, ωC) −→ H
0(D,ωD)
)
.
To conclude it is enough to show that the two spaces in (3.2) have the same dimension. To
prove this, we look again at diagram (3.1) and we see that
dimC Im
(
H0(A,L) −→ H0(C,ωC)
)
= h0(C,ωC)− h
1(A,OA) = h
0(C,ωC)− 2,
dimCW = h
0(C,ωC)− h
0(D,ωD) = h
0(C,ωC)− 2.

With this lemma, we can reinterpret the codifferential of the Prym map in Proposition 2.4
as a multiplication map on the abelian surface A:
Lemma 3.3. With the same notations of before, we have that
Sym2W −→ H0(C, ω2C) is surjective
if and only if
Sym2H0(A,L) −→ H0(A,L2) is surjective.
More precisely, the cokernels of the two maps have the same dimension.
Proof. We first observe that in the statement we can replace Sym2W and Sym2H0(A,L) with
W⊗2 andH0(A,L)⊗2 respectively. We take again a section σ ∈ H0(A,L) such that C = {σ = 0}:
then Lemma 3.2 gives the exact sequence
(3.3) 0 −→ Cσ −→ H0(A,L) −→W −→ 0.
Instead, if we take global sections in the exact sequence
0 −→ L
·σ
−→ L2 −→ ω2C −→ 0
and we use that H1(A,L) = 0 by Kodaira vanishing, we get an exact sequence
(3.4) 0 −→ H0(A,L)σ −→ H0(A,L2) −→ H0(C, ω2C) −→ 0.
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Putting together (3.3) and (3.4), we get a commutative diagram with exact rows
0 σ ⊗H0(A,L) +H0(A,L)⊗ σ H(A,L)⊗2 W⊗2 0
0 H0(A,L)σ H0(A,L2) H0(C, ω2C) 0
Since the map
σ ⊗H0(A,L) +H0(A,L)⊗ σ −→ H0(A,L)σ
is clearly surjective, the Snake Lemma proves that
Coker
(
H0(A,L)⊗2 −→ H0(A,L2)
)
∼= Coker
(
W⊗2 −→ H0(C, ω2C)
)
which implies the statement. 
Now, as outlined in the introduction, we can prove Theorems A and B, when the cover is
not bielliptic.
Corollary 3.4. Suppose that d ≥ 6 and that the cover C −→ D is not bielliptic. Then the
differential of the Prym map (1.1) is injective at [D, η]. Moreover, if d ≥ 7, the curve C is not
hyperelliptic.
Proof. Let’s suppose first that d ≥ 7. Then for both statements, it is enough to prove that the
multiplication map
(3.5) m : Sym2W −→ H0(C, ω2C)
is surjective. Indeed, since the projection map (−)Z/dZ : H0(C, ω2C)→H
0(D,ω2D) is always sur-
jective, we would get that the composition in Proposition 2.4 is surjective as well, meaning
that the differential of the Prym map is injective at [D, η]. Furthermore, if (3.5) is surjective,
the multiplication map Sym2H0(C, ωC) → H
0(C, ω2C) must be a fortiori surjective, and since
C has genus d+ 1 ≥ 8, Noether’s theorem shows that the curve C cannot be hyperelliptic.
To prove that (3.5) is surjective, we can use Lemma 3.3 and show that Sym2H0(A,L) →
H0(A,L2) is surjective, where (A,L) is the polarized abelian surface which corresponds to
(C, η), as in Lemma 3.1. By results of [Laz90] and Fuentes Garc´ıa [Gar04], this happens if and
only if d ≥ 7 and the line bundle L is very ample. To conclude, a theorem of Ramanan [Ram85,
Theorem 3.1] shows that L fails to be very ample if and only if the original cover C → D is
bielliptic.
Now let’s suppose that d = 6 and that the cover C → D is not bielliptic. According to Remark
2.5, we need to prove that the multiplication map (Sym2W )(Z/6Z) → H0(D,ω2D) is surjective.
However, using the decomposition in Remark 2.5, it is easy to see that dim(Sym2W )(Z/6Z) =
3 = dimH0(D,ω2D), so that the map is surjective if and only if it is injective. In particular,
it suffices to prove that the map Sym2W → H0(C, ω2C) is injective. We can interpret this
as a statement on the dimension of the cokernel and then using Lemma 3.3 and some short
computations, we see that this is equivalent to the injectivity of Sym2H0(A,L)→ H0(A,L2) on
the abelian surface A. However, since the cover is not bielliptic, Ramanan’s theorem [Ram85,
Theorem 3.1] proves that the line bundle L is very ample, and then a result of Fuentes Garc´ıa
[Gar03, Theorem 5.3] shows that the map Sym2H0(A,L)→ H0(A,L2) is injective. 
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4. The bielliptic case
To conclude, we need to study what happens in the bielliptic case. Recall that in this case
the cyclic cover f : C → D fits into a fibered square
C E
D F
f
g
where E and F are elliptic curves, the horizontal maps are double covers and the vertical maps
are e´tale cyclic covers of degree d. Equivalently, this means that the line bundle η on D is the
pullback η = g∗ηF of a line bundle of order exactly d on F .
In particular, the covering curve C is itself bielliptic, and this concludes the proof of Theorem
B.
Proof of Theorem B. Let C → D be an e´tale cyclic cover of degree d ≥ 7, where D is a smooth
curve of genus two. Then Corollary 3.4 shows that C is not hyperelliptic whenever the cover
is not bielliptic. If instead the cover is bielliptic, then the curve C itself is bielliptic of genus
d+1 ≥ 8 and it is a consequence of the Castelnuovo-Severi inequality [Kan84, Corollary p. 26],
that no bielliptic curve of genus at least 4 can be hyperelliptic. 
In the rest of the section, we conclude the proof of Theorem A. More precisely, we need to
prove that for a bielliptic cover, the differential of the Prym map is not injective. Equivalently,
via Remark 2.5 we need to prove that the multiplication map
(4.1)
⊕
1≤i≤j≤d−1
i+j=d
H0(D,ωD ⊗ η
i)⊗H0(D,ωD ⊗ η
j) −→ H0(D,ω2D)
is not surjective. We first set up some notation: since D has genus two, the double cover
g : D → F is branched over two points, and standard facts about double covers show that
f∗OD ∼= OC ⊕OC(−δ), for a certain divisor δ on F of degree 1. In particular, if M is any line
bundle on F , then we have a decomposition H0(D, f ∗M) = H0(F,M)⊕H0(F,M− δ), which
corresponds to the decomposition into invariant and anti-invariant parts, under the bielliptic
involution that induces the cover D → F .
We now set L = OF (δ): other standard facts on double covers show that ωD ∼= g
∗L and in
particular
H0(D,ω2D) = H
0(D, g∗(L2)) ∼= H0(F,L2)⊕H0(F,L2 − δ)
Furthermore, since the cover is bielliptic, we know that η ∼= g∗ηF by construction. Hence, for
every i = 1, . . . , d− 1 we have
H0(D,ωD⊗η
i) = H0(D, g∗(L⊗ηiF ))
∼= H0(F,L⊗ηiF )⊕H
0(F,L⊗ηiF (−δ)) = H
0(F,L⊗ηiF ).
where the last equality comes from the fact that H0(F,L ⊗ ηiF (−δ))
∼= H0(F, ηiF ) = 0. In
conclusion, we can reinterpret the map (4.1) as a map
⊕
1≤i≤j≤d−1
i+j=d
H0(F,L ⊗ ηiF )⊗H
0(F,L⊗ ηjF ) −→ H
0(F,L2)⊕H0(F,L2 − δ)
At this point, we claim that the image of this map must be contained in the subspace H0(F,L2).
One way to see this is to interpret the map in terms of multiplication of sections on the curve
F . Alternatively, we can observe that the domain is invariant with respect to the bielliptic
REFERENCES 9
involution on D, and that the invariant part on the codomain is precisely H0(F,L2). To
conclude, we simply observe that H0(F,L2 − δ) ∼= H0(F,L) ∼= C so that the map cannot be
surjective.
This allows us to conclude the proof of Theorem A.
Proof of Theorem A. Let D be a curve of genus two and let C → D be an e´tale cyclic cover of
degree d ≥ 6. If the cover is not bielliptic Corollary 3.4 asserts that the Prym map is unramified
at [C → D]. If instead the cover is bielliptic, then the discussion in this last section shows that
the differential of the Prym map is not injective at [C → D] and this concludes the proof. 
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